The propulsion shafting is one typically continuous, elastic and stepped body. To design an active controller for propulsion shafting by applying the modern control theory, an accurate reduced-order model with lumped parameters is required. This research concentrated on the reduced-order modelling method for longitudinal vibration control of a direct transfer marine propulsion shafting. The longitudinal vibration modes of the propulsion shafting were determined with one-dimension elastic wave approach based on its continuous model in advance. Taking into account of the unobservability and uncontrollability of mode nodes, the nodes of the neglected low highest mode were selected as locations of the reduced-order model mass points. By modifying mode shapes of the reduced-order model with sensitivity analysis, the reduced-order model can accurately represent the first low order modes of the continuous propeller-shafting system, enabling the effectiveness of controller design in the physical state space.
Introduction
Marine propulsion shafting is an essential changer of engine torque and propeller thrust, but it usually endures serious longitudinal vibration induced by oscillations in thrust due to the non-uniform of wake near the propeller caused by asymmetry in the hull or protrusions of control surfaces. The longitudinal vibration at propeller blade frequency may be transmitted through the thrust bearing to the hull, which excites subsequent hull vibration. It was reported that the propeller blade rate components are the dominant source of acoustic radiation of submarines and surface ships commonly (Ishida and Yokota, 1981) .
In numerous scholars' studies, the attentions had been devoted to minimize the longitudinal vibration transmission or oscillatory thrust into the hull (Zhao et al, 2011) . Many techniques were proposed for vibration attenuation purpose, one of the most attractive devices was Resonance Changer, which first adopted by Goodwin (Goodwin, 1960) . Although the depiction of the RC was comprehensive in practical respects, a relatively simple model of the propeller-shafting system was used. Semi-active and active control techniques were taken by other researchers (Brennan et al, 1998; Lewis et al, 1989; Baz et al, 1990 ), but the common insufficient was that the propulsion shafting model was a bit rough.
Active control technique is an effective approach to alleviate the wide-band excitation (Fuller, 1996) , such as the propeller excitation to propulsion shafting. Propulsion shafting is a distributed system, and can't be simply regarded as a lumped parameter model. To design a feedback controller for vibration attenuation of distributed system by employing linear control theory, it is necessary to obtain an effective low-order model representing the first low modes of propulsion shafting as much as possible. Obviously, the lumped discrete model directly built by geometry scattering, which was utilized to simplify analysis, is not feasible. In view of the unobservability and uncontrollability of mode nodes, the reduced-order model can be designed by setting the lumped mass points on the nodes of neglected low highest mode (Preumont and Seto, 2008) . In mode control terms, if the lumped parameter system can represent the concerned low modes of original continuous system, hence the reduced-order model is relatively accurate and can be applied to design active controller. Analytically, the shaft speed corresponding to one order resonance blade frequency is within the range of operating speed of engine. So the first longitudinal mode is the key controlled mode.
In this paper, the longitudinal vibration modes of the propulsion shafting are analyzed with the onedimension elastic wave approach based on its continuous model. Taking into account of spillover instability resulting from high-frequency modes, the reduced-order lumped model mass points are located at nodes of the neglected low highest mode. By modifying the mode shapes of reduced-order model with sensitivity analysis, the reduced-order model can accurately represent the first low order modes of the propulsion shafting, which is illustrated from the agreement of frequency response function between the reduced-order model and the continuous propeller-shafting system. The reduced-order lumped parameter model makes it easy to design controller in the physical state space where the states are directly measureable.
Longitudinal modal analysis of propulsion shafting

Physical model of propulsion shafting
A direct transfer marine propulsion shafting is showed in Fig.1 . The propeller-shafting system consists of propeller, propeller shaft, intermediate shaft, thrust shaft, coupling, journal bearing, thrust bearing and so on. To decrease its weight, the shafting is hollow. Based on geometry, the shafting is simplified as eight stepped uniform shafts. Several significant parameters of the propeller-shafting system are listed in Tab.1. Longitudinal stiffness (MN/m) 5000
Longitudinal modal analysis
The propulsion shafting is a chained system typically, enabling it very suitable to employ one-dimension elastic wave approach to analyze its longitudinal vibration mode. Since the thrust bearing is the main channel of longitudinal vibration transmission into hull, and its mass is far greater than latter part of thrust shaft, the propulsion shafting is regarded as a continuous elastic model that left-hand is lumped, right-hand is lumped and elastic fixed, middle is stepped shafts, given in Fig.2 . As is known, the journal bearings make no longitudinal stiffness and mass contribution to longitudinal vibration of propulsion shafting, thus they are neglected in the analytical model. The longitudinal modes can be calculated by combining junction conditions at stepped cross section and boundary conditions. The first three mass normalized mode shapes of propulsion shafting are showed in Fig.3 . To more clearly depict the nodes of each longitudinal mode shape, the axial amplitude is displayed by vertical coordinate. It is observed that there is no node at the first order longitudinal mode shape. Moreover, the longitudinal modes are sparse, the first three mode frequency is 26.42Hz, 163.6Hz, 221.6Hz, respectively. 
Reduced-order modeling method
One difficult of controller design for distributed system is the spillover instability caused by reduction of model order. Since the modern control theory is very suitable for controller design of lumped physical model, the solution to spillover alleviation is appropriate location of lumped mass points at the original continuous body. The response of point b induced by force applied at point a can be easily derived from mode superposition method as Where ai and bi are the ith mode shape components at the point a and b corresponding to the location of actuator and senor, respectively. If the actuator or the senor is located at node of the ith mode shape, then the ith mode is uncontrollable and unobservable. Thus the spillover can be avoided in the modeling phase. In order to reduce continuous propulsion shafting system as n-order lumped parameter model, the mass points are located at the nodes of n+1th mode shape. By sampling values from the mass normalized mode shape of continuous system, the initial mode shape matrix of the reduced-order model is obtained as Where i, j,… ,n is node number, consecutively. Generally, the matrix T is not diagonal, but symmetric, expressed as
Thus a sensitivity analysis is necessary to be carried out to modify the matrix in order to make the matrix T diagonal. The off-diagonal elements of matrix T is defined as residual vector , namely ) is a function of mode shape elements of matrix . Thus, it is helpful to range all elements of matrix in rows as following vector
The aim is to calculate the modification vector of , defined as , changing the residual vector from its initial value to 0 . It can be described as 0 (6) Here, is sensitivity matrix, whose elements are partial derivative of each residual i with respect to each n n n n n n n n n n n n n n n n n n n n
Owing to 2 1 2 n n n , is a right inverse matrix. Hence, the modification vector can be determined by 1 
T T (8)
As a result, the new vector is obtained by
The above procedures are not end until the residual vector converges toward 0 . Consequently, the actual mode matrix of reduced-order model can be derived from the final new vector . According to mode orthogonality, the lumped parameters can be determined by
Where i (i = 1, 2, … , n) is mode frequency .
Reduced-order model of propulsion shafting
The first mode makes dominating contribution to response of propulsion shafting due to propeller excitation. Thus the reduced-order lumped model has to accurately represent the first mode of continuous propulsion shafting system at least. Considering the first two modes of propulsion shafting in terms of two degrees of freedom (d.o.f) model, the two mass points are located at the nodes of the third mode. By sampling values from the first two mass normalized mode shapes at the location of the third mode nodes, the initial mode matrix is given by k is a negative value, which is to realize the lumped mass boundary condition of propeller. Since the reduced-order model is a pure mathematical model, the negative value of parameter is allowable. 
Conclusions
Longitudinal vibration of propulsion shafting is quite related with low frequency radiation of hull. In order to design active control system to minimize longitudinal vibration transmission into hull, it is necessary to reduce the orders of longitudinal modes, but an accompanying problem is spillover. The strategy proposed is utilizing the unobservability and uncontrollability of mode nodes. The reduced-order lumped parameter model of propulsion shafting can be determined from mode values obtained with one-dimension elastic wave approach based on its continuous system. Since the reduced-order model is set in physical space, it is easy to design active controller in the physical state space, where the states are directly measurable, by applying the optimal or robust control algorithm. The latter challenging work is structural design of actuator and controller.
